We theoretically study resonance responses of flat surfaces and sharp edges of the nanostructures that support excitations of phonon-polaritons in mid-infrared range. We focus on two materials: silicon carbide that has a nearly isotropic permittivity and hexagonal boron nitride that has a strong anisotropy and spectral band with hyperbolic dispersion. We aim to predict scattering-type near-field optical microscope (s-SNOM) response and develop a modeling approach that adequately describes the resonant behavior of the nanostructure with phononpolaritons. The previously employed technique assumes dipole scattering from the tip and allows calculating s-SNOM signal in different demodulation orders by modeling full structure, any tip positions, and vertical scans, which works well for the structures with only one hot spot, e.g. flat surfaces. In the structures of complex shapes, hot-spot places are unknown, and analysis of light absorption in the whole apex is the best way to account for all hot spots and field enhancement. We show that calculation of demodulation orders of light absorption in the tip is an alternative way to predict s-SNOM signal, and it is preferred for the structures of complex shapes with strong resonances, where dipole approximation of the tip is not valid.
surface waves [34] [35] [36] , etc. One of the most interesting applications of s-SNOM is to study resonance excitations in the structures, such as plasmon-or phonon-polariton resonances. High-quality resonances in the structure can be accompanied by increase or decrease of the s-SNOM signal, and the image features are highly affected by the presence of the tip itself as it is the main scattering element in the system. The images successfully reproduce features of the structures with subwavelength resolution and field enhancement in their particular parts (e.g. hot spots or particle modes), but theoretical modeling of these processes is still limited by the dipole approximation of the tip scattering [37, 38] . Quantitative description of the s-SNOM results and their correlation with the field enhancement in the structure are under active study [39] [40] [41] , including recently reported technique allowing to reconstruct vertical interaction [41] . We have previously developed an approach that combines full-wave numerical simulations of tip-sample near-field interaction and signal demodulation at higher orders in accordance with typical s-SNOM experiments [32] . Unlike previous models, our technique allows modeling of the realistic tip and sample structure, but signal calculations are still limited by dipole approximation of the tip-scattered wave.
In the present work, we make the next step towards theoretical prediction of s-SNOM response. We analyze the link between near-fields enhancement in the tip-sample structure and s-SNOM measurements and directly relate them to changes in the effective polarizability of the tip. In particular, we study s-SNOM response for the structures that support phonon-polariton resonant excitations: first, structures where conditions of the resonance are well-known, such as SiC flat surface and nanospheres; second, an edge of SiC, which we consider an isotropic material with negative permittivity because of the phonon-polariton resonances; and finally, an edge of material with hyperbolic dispersion such as hBN with phonon-polariton rays and their multiple reflection from the material boundaries. The outside bright fringes correspond to the most efficient excitation of edge resonances, and we study surface and edge resonances as an example where s-SNOM signal show additional peaks (outside bright fringes and low-contrast lines appear in the measurements [29, 30] ). We find the connection between effective polarizability of the tip and enhancement of the field in different parts of the structure. Outside the resonance conditions, where only strong reflection from the structure occurs, the effective polarizability of the tip is increased and fields are enhanced. The behavior is the opposite in the resonant structure: the increase of fields is accompanied by the decrease of effective polarizability. Thus, we go beyond dipole model by calculating demodulation orders of absorption in the tip, which is the best way to account for all hot spots and changes of scattering from the tip.
II. Field analysis
We perform full-wave numerical modeling of the structures with realistic parameters: sizes, shapes, permittivities, and substrates (see Appendix for the details), and throughout the paper, we work in p-polarization. We compare the following quantities obtained from full-wave simulations and their dependencies from either vertical z tip -or horizontal x tip -position of the tip: (i) effective polarizability of the tip obtained from reflectance of the structure considering dipole approximation; (ii) s-SNOM signal calculated from effective polarizability of the tip; (iii) energy absorption (or non-radiative loss) in the apex of the tip (bottom hemisphere) and its demodulation orders (2 nd , 3 rd , and 4 th harmonics); and (iv) electric field (or field enhancement) in different parts of the structure.
We extract effective polarizability of the tip through reflectance calculations of the domain and then calculate s-SNOM signal (see Appendix). From this modeling, we can also extract other parameters of interest, such as the electric field at any part of the tip or structure and, more generally, non-radiative energy loss in some parts of the structure. The latter one is useful because we collect a general information about the field in the structure if we do not know where the hot spots are excited and how many of them there are (edge characterization involves at least two hot spots). Absorption is ~E 2 , and any changes in its total value (integral over tip apex) indicate the accounts for all hot spots in the structure. Similar to the calculations of the s-SNOM signal based on effective polarizability at different vertical positions z tip , we find demodulation orders of the absorption based on absorption calculations at different z tip . Thus, the main advantage of this approach is that we are not limited by the dipole approximation and its calculations based on reflectance, but rather account for all enhanced fields in the combined tip-sample structure. Below, we compare results obtained from both effective-polarizability and absorption calculations.
III. Surface resonances: Effective polarizability of the tip and field enhancement
We begin our study with the analysis of the simplest structures that either supporting or not supporting resonances ( Fig. 1 ). The typical non-resonant structure is highly reflective surface e.g. gold in mid-infrared range (at λ = 10.55 µm its ε Au = -5100 + 970i, data from [42] ), which in general resembles properties of perfect electric conductor possessing effectively infinite conductivity. Numerical modeling shows that effective polarizability of the tip on top of such non-resonant surface monotonically decreases with an increase of vertical position z tip (Fig.  1b) . The same monotonic decrease is observed in other quantities, such as absorption in the tip and field enhancement in the tip (not shown here), which eventually results in the same behavior of s-SNOM signal in the experimental measurements (approach curve). (ω is frequency and c is the speed of light), and thus possesses resonant properties at Re(ε m ) = -1. We study SiC surface at the wavelength 10.6 µm where its ε m = -1 + 0.08i ( Fig. 1 ). We emphasize it is not simply a regime of surface phonon-polariton (SPhP) excitation and propagation, it is the resonance of SPhPs because of the close-to-zero denominator of propagation constant sphp k . Note this SPhP resonance still has a finite field enhancement because of the damping provided by the non-zero imaginary part of permittivity. For z tip < 300 nm, the effective polarizability of the tip and absorption in the tip exhibit the changes opposite to non-resonant surface: both effective polarizability and absorption monotonically increase. For z tip > 300 nm, effective polarizability decreases similar to the non-resonant surface (outside the plot range). In contrast, absorption in the part of the resonant surface is maximal once the tip is close to the surface. These calculations confirm that upon excitation of resonance on the surface, scattering from the tip significantly decreases, which results in a decrease of effective polarizability.
This conclusion is also supported by the calculations of the resonant sphere (R = 30 nm) with localized surface phonon resonance (LSPhR). Field enhancement in the sphere in quasi-static approximation is defined as m m   / ( 2) + , and thus the resonance condition can be achieved at Re(ε m ) = -2. The hypothetical spherical particle is chosen to apply the well-known analytical solution, and we model ideal sphere with ε m = -2 + 0.11i, which corresponds to SiC at wavelength 10.7 µm, located on the silicon substrate. Numerical simulations show nonmonotonic changes in effective polarizability of the tip and absorptions, as well as the opposite tendencies in absorption in the tip and in the sphere. These changes happen within the smaller distance between tip and surface for the sphere than for the flat surface. It can be explained by the fact that the field enhancement is highly localized within the sphere while the flat surface is extended to the long distance, which becomes apparent comparing field distributions for sphere and flat surface ( Fig. 1 c and f) . : Absorption in the surface shows the opposite tendency than absorption in the tip and its effective polarizability. (f) Tip and field distributions for the case of sphere with localized surface phonon resonance (ε m = -2 + 0.11i, corresponds to resonance in sphere, see equation in the text); (g) Effective polarizability of the tip moving away from resonant sphere: non-monotonic behavior for z tip < 30 nm followed by the decrease at the higher positions; (h) Change of absorption in the apex of the tip and resonant sphere: Absorption in the sphere shows the opposite tendency than absorption in the tip and its effective polarizability.
IV. Edge resonances: Dipole model and demodulation of absorption in the tip
Approaching the sharp material edge, scattering properties of the s-SNOM tip, and in particular, its effective dipole moment, change. Typically, the edge scan has two features: broad dip (low-contrast line in the image), which always appears outside sample edge of any type of material, and sharp peak (outside bright fringe in the image), which strongly depends on reflective and resonant properties of the edge. The broad decrease of the signal appears because the tip is surrounded by effectively less material at the sharp edge, the effective polarizability decreases, and changes in the scattering are less pronounced. For the ideal sharp edge of the 60-nm thick material, this decrease starts approximately at x tip = 50 nm, and the lowest signal is reached at approximately at x tip = -50… -100 nm.
Based on the outside sharp peak, one can specify two types of edges: Depending on edge shape and material as well as the excitation efficiency of edge resonances, the structure can exhibit either non-resonant or resonant behavior. For non-resonant edges, the signal peak outside the edge always appears at the point where two hot spots are formed: one is below the tip apex and another one is between the tip and vertical side of the material edge (side hot spot). For the case of non-resonant edges, the higher demodulation orders of the s-SNOM signal have less pronounced fringes, which often disappear at the 3 rd and 4 th demodulation orders. For the side hot spot, the tip-scattered field changes slower than for the hot spot formed at the bottom of the tip on a flat surface. Descending at the sample edge, the tip moves along the vertical side of the edge, and for non-resonant edges, change in the tip position does not bring a large change in the scattered field. As the s-SNOM signal is responsive to the changes in the field, the signal becomes weaker in higher demodulation orders. Therefore, the broad dip in the s-SNOM signal becomes deeper and more pronounced, and the low-contrast line becomes darker for all nonresonant edges. As the outside peak has contributions from two hot spots, it follows the same changes as both of them, and eventually decreases with the increase of demodulation order. Thus, we refer to these edges as nonresonant because the bright fringe is formed always at the position of tip corresponding to two-hot-spots formation and the peak becomes weaker or disappear at higher demodulation orders.
In contrast to the peaks at the non-resonant edge, in the signal of resonant edges, the peaks do not disappear in the higher demodulation orders, and remarkably, the higher demodulation orders have more pronounced peaks. Moving along the vertical side of the sample edge, the tip excites edge resonances, and the efficiency of the excitations changes with the tip position. Thus, the maximum of the signal (fringe) occurs at the tip position with the most efficient excitation of edge resonance. This position may not correspond to the two-hot-spot formation. The edge resonance can have an origin related to either phonon-or plasmon-polariton resonances, Fabry-Perot reflections from sample surfaces (the case of hyperbolic rays in hBN), or any other resonance with the large field increase near the edge.
To analyze near-field properties at the resonant edges of layers, we choose materials with two types of resonances: one is SiC at wavelength λ = 11.3 µm having ε m = -7 + 0.3i, and another one is hBN with hyperbolic dispersion (ε in-plane = -20+0.8i, ε out-of-plane = 2.8 + 8e-4i, at wavelength λ = 7.1 µm, data from Ref. [43] ). In all cases, the layers are 60-nm thick and on a silicon substrate. Both vertical and horizontal changes of the s-SNOM signal and absorption at the edge of the resonant structures are shown in Fig. 2 . The first material supports phononpolariton resonances, similar to resonances in any complex structures with permittivities close in absolute values but opposite in signs of real parts (e.g. metal and dielectric in visible). The second one is the resonances related to the excitation of phonon-polariton rays, their propagation in the layer at a specific angle defined by the permittivity tensor (see studies in [20, 21, 44] ), and multiple reflections from layer boundaries. Figure 3a ,b represents the case when the tip is next to the surface, and for both materials, we observe bright fringe at the edge. Because of the resonant nature of the fringe (rather than the increased reflection from hot spots), the peaks remain in high demodulation orders and become even more pronounced. Calculations of s-SNOM signal and demodulation harmonics of absorption well agree: positions of the peaks coincide for signal and absorption calculations, and the peaks are always offset from the position of two-hot-spot excitation related to increased reflectance. However, s-SNOM signal calculations through dipole model for SiC give a continuous increase of the peak with an increase of demodulations order, which is most probably an artifact related to dipole approximation. In contrast, demodulation orders of absorption only slightly increase for higher harmonics and thus more appropriate for the case of phonon-polariton edge resonances.
We also compare changes in effective polarizability of the tip with enhancement of the electric field at the point where edge resonance is excited in the most efficient way and outside edge fringes have maxima. Figure 3c shows the vertical scans for hBN at x tip = -31 nm, and Fig. 3d for SiC at x tip = -37 nm. We see that for material with hyperbolic dispersion, the polarizability significantly decreases and the field has a maximum. This behavior is consistent with the analysis of resonance at the flat resonant surface (see Fig. 1 ). For the SiC edge with resonance, similar to LSPhR in nanosphere, the polarizability and field changes are non-monotonically. Yet, at z tip > 30 nm, all quantities of interest decrease for both materials as the tip is far away from the edge. , the signal is normalized so that it is equal to 1 on the substrate at x tip = -2 µm in each demodulation order. In the plots, signal calculations are shifted by 2.5 for hBN and by 7 for SiC for clarity. Edge profile is shown schematically without regard to the ordinate axis, and both hBN and SiC layers are 60-nm thick. The blue circle marks show the coordinate where panels (c) and (d) are calculated (x tip = -31 nm for hBN and x tip = -37 nm for SiC). For both structures, quantitative agreement between signal calculations and harmonics of absorption in the tip means that position of the resonance excitation is adequately captured by the models. (c) Change of effective polarizability of the dipole induced in the tip and the sample at the hBN edge for the tip moving away from the surface. Effective polarizability is decreased at z tip < 20 nm, and the field is significantly enhanced there (the opposite tendency similar to Fig. 1e,h) . The plot corresponds to x tip = -31 nm, where the peaks of 3rd and 4th demodulation orders of the hBN edge are. Peak position is offset from the point where two hot spots are formed simultaneously (tip/edge and tip/substrate at x tip = -37 nm). Inset: tip next to the hBN edge at the position of most effective excitation of edge resonance and phonon-polariton rays. (d) The same as (c), but for the edge of SiC. The first 25 nm within the surface is accompanied by the strong increase of the field and non-monotonic changes of the tip effective polarizability (again, the opposite tendency similar to Fig. 1e,h) . The plot corresponds to the case x tip = -37 nm, where the peaks of 3rd and 4th demodulation orders of SiC are.
V. Summary and Conclusion
Recently emerged layered materials with low-loss phonon-polariton resonances are promising building blocks for subwavelength optical structures, metasurfaces, and functional elements in the infrared range. Scattering-type near-field optical microscopy overcomes the diffraction limit and enables subwavelength characterizations: resolution of s-SNOM is determined by the radius of the tip apex, which is ~30 nm, that is two orders of magnitude less than the mid-infrared wavelength. We have studied properties of the surface and edge resonances in the modeling of s-SNOM measurements. Resonances in the flat surface or nanosphere provide a basic understanding of changes in effective polarizability of the tip, field enhancement at different parts, and energy absorption there. As the first point of the paper, we have shown that excitation of the resonance is accompanied by a decrease of effective polarizability and field in the tip, in contrast to the increased field in the structure.
To study resonances in more complex structures, such as SiC and hBN edges with phonon-polaritons, we have employed two techniques: the first one is calculations of the s-SNOM signal in dipole approximation, and the second one is demodulation of absorption in the tip apex. Calculations of the s-SNOM signal are based on extracting effective polarizability of the tip from reflection coefficient, heavily rely on dipole approximation, and thus more preferable for the structures where the tip has only one hot spot, e.g. flat surface. As the second point of the paper, we have shown that demodulation of absorption should be applied in the case when tip scatters higher multipoles, like at the edge of material that thickness is comparable to tip apex radius. The proposed technique accounts for all hot spots excited around tip apex.
Applicability of both models is studied for edge resonances in a material with phonon-polariton resonances including hBN in mid-infrared with hyperbolic dispersion and SiC. In the material with hyperbolic dispersion, the resonances related to the excitation of phonon-polariton rays and their multiple reflections from layer boundaries. At the tip position that corresponds a maximum of the outside bright fringe and indicates the most efficient excitation of edge resonance, effective polarizability drops within the first several tens of nanometers from the surface, and the field enhancement at the edge strongly increases at the same time. For hBN, both modeling approaches give results that are in good agreement. The SiC edge excites resonances similar to other structures with phonon-polariton or plasmonic resonances. Complex field distribution accompanies these resonances, multiple hot-spots are excited resulting in multipole excitations in the tip, and calculation through absorption demodulation is preferable over the calculation of s-SNOM signal through effective polarizability and dipole approximation.
One should distinguish edge fringes from other fringes that appear at the sample surface because of the propagation of surface and bulk waves in the sample. Often, to specify dispersion of the wave in the sample, the fringe analysis includes spatial Fourier transform [21, 34] , and in this case, it is important that the outside fringes are excluded from that analysis. Thus, the presence of the outside bright fringes gives information about the material type, and for the case of mixed materials (e.g., different particles on the surface [33] ), the presence of bright halo indicates particles with metallic properties.
Appendix: s-SNOM signal calculations
We perform full-wave numerical simulations of the structure with realistic shape and permittivity by the frequency-domain solver of CST Microwave Studio. Tip apex is modeled as a hemisphere with radius 30 nm, the whole tip has a conical shape truncated at the apex, the cone base radius is 300 nm, and the cone height is 1 µm. Simulation tests with a smaller height showed that only with the height of 1 µm, the convergence of results can be achieved. The tip is made of silicon and covered with 2 nm platinum layer.
Various structures are placed on the silicon substrate. The effective tip-sample polarizability is 
